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It is well known that traversable wormholes are valid solutions of the Einstein field equations,
but these structures can only be maintained by violating the null energy condition. In this paper,
we have obtained such wormhole solutions in an isothermal galactic halo, as well as in a void. We
have shown that the null energy condition is violated, with the help of a suitable redshift function
obtained from flat galactic rotation curves.
I. INTRODUCTION
Wormholes are handles or tunnels in spacetime link-
ing widely separated regions of our Universe or different
Universes altogether. Being such interesting phenom-
ena, wormholes continue to be an active research topic
in theoretical astrophysics. Einstein and Rosen had al-
ready considered a special type of solution from a physics
point of view and became known as an Einstein-Rosen
bridge connecting two identical spacetimes [1]. Wheeler
used geons to construct the first diagram of a doubly-
connected space on the Planck scale [2]-[3]. He intro-
duced the mysterious-sounding term wormhole into the
literature, while Hawking, in turn, transformed Wheeler
wormholes into Euclidean wormholes [4]. Wheeler worm-
holes were not traversable, however, and could, in prin-
ciple, develop some type of singularity [5]. Then in 1988,
Morris and Thorne proposed the first traversable worm-
hole [6]; also, together with Yurtsever, they determined
the energy conditions and even suggested the possibility
of a time machine [7].
According to the Standard Model of cosmology, the
total mass-energy of the Universe consists of only 5% or-
dinary matter, i.e., particles belonging to the standard
model of particle physics. The remaining 95% of total
mass-energy is contributed by the dark sector, which is
thought to consist of dark matter (DM) and dark en-
ergy (DE). Roughly 27% of the dark-sector component
is the yet unseen dark matter, while dark energy, which
drives the current cosmic acceleration, is responsible for
the missing 68%. Zwicky was the first astronomer to
use the virial theorem to assert the existence of dark
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matter, which has been described as dunkle Materie in
galaxy clusters [8]-[9] since 1933. The presence of DM in
the galactic halo is deduced from its gravitational effect
on the rotation curve of a spiral galaxy [10]-[12]. That
wormholes may occur naturally in the outer regions of
a galactic halo supported by DM has already been con-
sidered in [13] and [14]. These studies made use of the
Navarro-Frenk-White (NFW) density profile [15]. It is
well known that the NFW model produces constant tan-
gential rotation curves in the outer regions. By contrast,
[16] employs the Universal Rotation Curve (URC) dark-
matter model to obtain analogous results for the central
parts of the halo.
Researchers have always been attracted to the study
of wormholes in the framework of modified gravity and
have subsequently succeeded in constructing wormhole
solutions in different modified-gravity theories [17]-[21].
These include wormhole solutions in galactic halos, as
exemplified by Sharif et al., who have obtained such so-
lutions in the framework f(T ) teleparallel gravity [22],
f(G) gravity [23], and f(G, T ) gravity [24], the latter
using the NFW density profile. That a dark-matter
halo can support a traversable wormhole structure in the
outer region of spherical stellar systems is based on the
Einasto density profile [25]. More recently, S. Islam et al.
have proposed that the generalized Navarro-Frenk-White
dark-matter density profile can support wormholes, un-
like King’s dark-matter profile, which fails to do so. This
model has been applied to the ultra diffuse galaxy (UDG)
Dragonfly 44 in the Coma Cluster [26], whose mass nearly
equals that of the Milky Way galaxy and consists almost
entirely of dark matter.
The main goal in this paper is to obtain wormhole
solutions based on dark-matter models for an isothermal
galactic halo and a void with the help of a suitable form of
the redshift function obtained from flat rotation curves.
This paper is organized as follows: Sec. II presents
the basic wormhole structure in terms of the so-called
redshift and shape functions. The Einstein field equa-
2tions for the static, spherically symmetric line element
are expressed in terms of these functions. One form of
the redshift function, obtained from the flat galactic ro-
tation curves, is presented in Sec. III. In Sec. IV and
Sec. V we present the wormhole solutions corresponding
to the isothermal density profile and the density profile
of the void, respectively. Sec. VI discusses the junction
to an external vacuum solution. Finally, in Sec. VII we
summarize the results.
II. WORMHOLE STRUCTURE AND THE
EINSTEIN FIELD EQUATIONS
First we recall that a Morris-Thorne traversable worm-
hole spacetime is represented by a static and spherically
symmetric line element in Schwarzschild co-ordinates (t,
r, θ, φ)[6]:
ds2 = −e2f(r)dt2+
(
1−
b(r)
r
)−1
dr2+r2(dθ2+sin2θ dφ2),
(1)
where f = f(r) is the redshift function, which must
be everywhere finite to prevent an event horizon, and
b = b(r) is the shape function since it helps determine
the spatial shape of the wormhole. The minimum radius
r = rs in the metric coefficient grr is the radius of the
throat of the wormhole, where b(rs) = rs . The shape
function must satisfy the following conditions: b(r) < r
for r > rs and b
′(rs) < 1, called the flare-out condition.
Finally, we require that b(r)/r → 0 as r →∞.
Next, we recall the Einstein field equations
Rµν −
1
2
R gµν = 8piTµν , (2)
where Rµν , gµν , Tµν , and R are the Ricci tensor, met-
ric tensor, stress energy tensor, and Ricci scalar, re-
spectively. Generally, dark matter is represented by the
anisotropic energy momentum tensor
Tµν = (ρ+ pt)UµUν − ptgµν + (pr − pt)χµχν , (3)
where UµUµ = −χ
µχµ = 1, U
µχµ = 0; ρ, pr, and pt
are the energy density, radial pressure, and transverse
pressure, respectively.
The Einstein field equations (2) now take on the fol-
lowing form for the metric (1) along with the energy mo-
mentum tensor (3):
8piρ =
b′(r)
r2
, (4)
8pipr =
(
1−
b(r)
r
)(
1
r2
+
2f ′(r)
r
)
−
1
r2
, (5)
8pipt =
(
1−
b(r)
r
)
f ′′(r) +
(
1−
b(r)
r
)
f ′
2
(r)
+
1
2
(
b(r)
r2
−
b′(r)
r
)
f ′(r) +
1
r
(
1−
b(r)
r
)
f ′(r)
+
1
2r
(
b(r)
r2
−
b′(r)
r
)
, (6)
where ′ stands for d
dr
.
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FIG. 1: The shape function is plotted with respect to the
radial coordinate r corresponding to r0 = 9.11 kpc , rs = 1.5
kpc , and ρ0 = 0.00008.
III. THE REDSHIFT FUNCTION FROM FLAT
ROTATION CURVES
For the circular stable geodesic motion in the equato-
rial plane the tangential velocity can be obtained from
the flat rotation curve [27]; it is given by
(vφ)2 = rf ′ (7)
and fits the flat rotation curve for dark matter (DM). It
is proposed by Rahaman et al.[13, 16] that the observed
rotation curve profile in the dark-matter region is given
by
vφ = βre−kr + γ[1− e−jr], (8)
where γ, δ, k, and j are positive parameters. Using Eq.
(8) in Eq. (7), yields the redshift function
f = γ2[ ln(r) + 2E(1, jr)− E(1, 2jr)] +D
−
β2e−2kr
2k
[
r +
1
2k
]
− 2βγe−kr
[
1
k
−
1e−jr
(k + j)
]
,
(9)
3Α = 1
Α = 1.5
Α = 1
Α = 1.5
9.5 9.6 9.7 9.8 9.9 10.0
0.180
0.185
0.190
0.195
0.200
r HkpcL
bH
rL r
2 4 6 8 10
0.2
0.3
0.4
0.5
0.6
0.7
r HkpcL
bH
rL r
FIG. 2: The function b(r)
r
is plotted with respect to the radial
coordinate r corresponding to r0 = 9.11 kpc, rs = 1.5 kpc,
and ρ0 = 0.00008.
where D is an integration constant and E(n, x) is
known as the exponential integral function, defined as
E(n, x) = En(x) =
∫ 1
0
e−
x
η ηn−2dη, (10)
where n = 0, 1, 2, · · · and x > 0.
Next, we will use this redshift function to solve the
Einstein field equations corresponding to two DM density
profiles, the isothermal galactic halo and the void.
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FIG. 3: The function db(r)
dr
is plotted with respect to the radial
coordinate r corresponding to r0 = 9.11 kpc , rs = 1.5 kpc,
and ρ0 = 0.00008.
IV. A WORMHOLE IN THE GALACTIC HALO
Let us consider the pseudo-isothermal density profile
of the galactic halo
ρ(r) = ρ0
[
1 +
(
r
r0
)2]−α
, (11)
where ρ0 and r0 are the central density and core radius
of the galactic halo, respectively, and α is a positive con-
stant. The given density profile for dark matter was first
proposed by Kent[28] in 1986 for α = 1 and then ex-
tended in 2008 by M. Spano et al. to α = 1.5[29]. Ac-
cordingly, these two density profiles will be employed in
our study.
The exact behavior of this density function is shown
in Fig. 4; it is monotonically decreasing, as expected.
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FIG. 4: The energy density is plotted with respect to the
radial coordinate r corresponding to r0 = 9.11 kpc, rs = 1.5
kpc, and ρ0 = 0.00008.
After employing the above density profile (11) in Eq.
(4) we obtain the shape function
b(r) =
8piρ0r
3
3
F (r) + C, (12)
where C is an integration constant and
F (r) = 2F1
[
3
2
, α,
5
2
,−
(
r
r0
)2]
; (13)
2F1 is the usual hypergeometric function defined as
2F1(a, b; c; y) =
∞∑
i=0
(a)i(b)i
(c)i
yi
i!
. (14)
Here (x)n is the Pochhammer symbol, given by
(x)i =
{
1 for i = 0
x(x + 1)....(x+ i− 1) for i > 0.
(15)
Using the condition b(rs) = rs, we obtain the value of C:
C = rs −
8piρ0r
3
s
3
F (rs), (16)
where rs is the throat radius of the wormhole. So the
shape function becomes
b(r) =
8piρ0
3
[
r3F (r)− r3sF (rs)
]
+ rs. (17)
The check on the required conditions for the shape
function was explored graphically. Fig. 1 shows the in-
creasing behavior. The shape function is less than the
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FIG. 5: Variation of the null energy condition with respect
to the radial coordinate r corresponding to r0 = 9.11 kpc,
j = k = 1, β = 0.001, γ = 0.1, rs = 1.5 kpc, and ρ0 = 0.00008
.
radial coordinate r for r > rs, the throat radius rs = 1.5
kpc, as can be seen from Fig. 2. Fig. 3 shows that the
flare-out condition is satisfied by our shape function.
Using Eqs. (9) and (17) in Eq. (5), we get the expres-
sion for the radial pressure,
pr(r) =
1
24pikr3
[
kpr1 + 2βe
−2(j+k)rpr2pr3
]
,
(18)
where
pr1 = 3rs + 8piρ0
[
r3F (r) − r3sF (rs)
]
,
pr2 = kβe
2kr
(
1 + e2jr − 2ejr
)
− 2kγrejrekr
−re2jr(krβ − β − 4kγ),
pr3 = 3r − pr1 . (19)
Now recall that the violation of null energy condition
is one of the essential conditions for the existence of a
wormhole. It is showed in Fig. 5 that the null energy
condition is violated (ρ + pr < 0) and hence the DM
within the isothermal galactic halo satisfies the condi-
tions for forming a wormhole.
V. A WORMHOLE IN THE VOID
The density profile for the void is given by[30]
ρ(r) = ρ0
(
r
r0
)a
exp
[(
r
r0
)b
− 1
]
, (20)
where ρ(r) is the density enclosed within the void-centric
distance r, ρ0 is the density enclosed within the void ef-
fective radius r0, and a and b are the best-fitting param-
eters. From the expression for the density it is obvious
that the density within the void is always increasing with
increasing radial coordinate r (Fig. 9). In presenting the
model, we will proceed with two pairs of values for a and
b.
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FIG. 6: The shape function b(r) is plotted with respect to the
radial coordinate r corresponding to r0 = 3.5 kpc, rs = 1.5
kpc, and ρ0 = 0.000001.
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FIG. 7: The function b(r)
r
is plotted with respect to the radial
coordinate r corresponding to r0 = 3.5 kpc and rs = 1.5 kpc,
with ρ0 = 0.000001.
Case-I: For a = 1, b = 1
The void density profile (20)) for a = b = 1 becomes
ρ(r) = ρ0
(
r
r0
)
exp
[(
r
r0
)
− 1
]
. (21)
Using Eq. (21) in Eq. (4), we obtain the shape function
b(r) = 8piρ0 exp
(
r
r0
− 1
)[
6rr20 − 6r
3
0 − 3r
2r0+ r
3
]
+E,
(22)
where E is an integration constant obtained from b(rs) =
rs and is given by E = rs − 8piρ0 exp
[
rs
r0
− 1
]
[6rsr
2
0 −
6r30 − 3r
2
sr0 + r
3
s ], where rs is the throat radius of the
wormhole. Therefore
5b(r) = 8piρ0
[
exp
(
r
r0
− 1
)[
6rr0 − 6r
3
0 − 3r
2r0 + r
3
]
− exp
(
rs
r0
− 1
)[
6rsr
2
0 − 6r
3
0 − 3r
2
sr0 + r
3
s
]]
+rs. (23)
Using Eqs. (9) and (23) in Eq. (5), we obtain
pr =
1
8pikr3
[
2e−1−2(j+k)rβpr3
(
e(r − r0)− 8piρ0pr4
+e
rs
r0
(
r3s − 3r
2
sr0 + 6rsr
2
0 − 6r
3
0
))
+k8piρ0
(
e
rs
r0
−1(
r3s − 3r
2
sr0 + 6rsr
2
0 − 6r
3
0
)
−e−1pr4
)
− rs
]
, (24)
where
pr3 = kβe
2kr
[
1 + e2jr − 2ejr
]
− rejr
[
2kγekr − ejr
×{(kr − 1)β − 4kβ}
]
,
pr4 = e
r
r0 (r3 − 3r2r0 + 6rr
2
0 − 6r
3
0
)
. (25)
Case-II: For a = 2, b = 1
Here we consider another pair of values of a and b,
namely a = 2 and b = 1. The density profile (20) be-
comes
ρ(r) = ρ0
(
r
r0
)2
exp
[(
r
r0
)
− 1
]
. (26)
Applying a similar technique, we obtain the following
expressions for the shape function and radial pressure,
respectively:
b(r) =
8piρ0
r0
[
exp
(
r
r0
− 1
)[
24r40 − 24rr
3
0 + 12r
2r20
−4r3r0 + r
4
]
− exp
(
rs
r0
− 1
)[
24r40 − 24rsr
3
0
+12r2sr
2
0 − 4r
3
sr0 + r
4
s
]]
+ rs, (27)
pr =
1
8pikr0r3
[
2e−1−2(j+k)rβpr3
(
er0(r − r0)− 8piρ0pr5
+e
rs
r0
(
24r40 − 24rsr
3
0 + 12r
2
sr
2
0 − 4r
3
sr0 + r
4
s
))
−k8piρ0
(
e−1pr5 − e
rs
r0
−1(24r40 − 24rsr30 + 12r2sr20
−4r3sr0 + r
4
s
))
− rs
]
, (28)
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FIG. 8: The function db(r)
dr
is plotted with respect to the radial
coordinate r corresponding to r0 = 3.5 kpc and rs = 1.5 kpc,
with ρ0 = 0.000001
where
pr5 = e
r
r0
(
24r40 − 24rr
3
0 + 12r
2r20 − 4r
3r0 + r
4
)
.(29)
The check on the required conditions for the shape func-
tion was once again explored graphically in Figs. 6-8.
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FIG. 9: Variation of the energy density with respect to the
radial coordinate r corresponding to r0 = 3.5 kpc and rs = 1.5
kpc, with ρ0 = 0.000001.
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FIG. 10: Variation of the null energy condition with respect
to the radial coordinate r corresponding to r0 = 3.5 kpc, j =
k = 1, β = 0.001, γ = 0.1, rs = 1.5 kpc, and ρ0 = 0.000001.
6The null energy condition is violated (ρ+pr < 0) by our
solution of the Einstein field equations corresponding to
the density profile of the void, shown in Fig. 10, thereby
satisfying the conditions required for the formation of a
wormhole.
VI. JUNCTION TO AN EXTERNAL VACUUM
SOLUTION
As we have seen, b(r)/r → 0 as r → ∞, but e2f(r)
does not approach unity, so that the wormhole space-
time described in line element (1) is not asymptotically
flat. The wormhole material must therefore be cut off at
some r1 > rs and joined to an external vacuum solution.
Consider the Schwarzschild line element
ds2 = −
(
1−
2M
r
)
dt2 +
(
1−
2M
r
)−1
dr2
+ r2(dθ2 + sin2θdφ2), (30)
where M is the mass of the wormhole. It follows directly
that 12b(r1) = M . Next, for the redshift function, Eq.
(9), we have to choose the arbitrary constant D in such a
way that f(r1) =
1
2 ln (1−2M/r1). Since D is an additive
constant, we simply let r = r1 on the right-hand side of
Eq. (9), replace the left-hand side by 12 ln (1− b(r1)/r1),
and solve for D. Then the line element becomes
ds2 = −e2f(r)dt2 +
(
1−
b(r)
r
)−1
dr2
+ r2(dθ2 + sin2θ dφ2), for r < r1 (31)
and
ds2 = −
(
1−
b(r1)
r
)
dt2 +
(
1−
b(r1)
r
)−1
dr2
+ r2(dθ2 + sin2θ dφ2), for r ≥ r1. (32)
VII. RESULTS AND DISCUSSION
The possible existence and detection of wormholes in
the galactic halo has already been discussed by means
of the NFW density profile and the Universal Rotation
Curve. This paper uses two observationally motivated
density profiles, the isothermal density profile
ρ(r) = ρ0
[
1 +
(
r
r0
)2]−α
(33)
and the density profile for the void,
ρ(r) = ρ0
(
r
r0
)a
exp
[(
r
r0
)b
− 1
]
. (34)
The density profiles are shown in Figs. 4 and 9, respec-
tively. To obtain the wormhole solutions, we have deter-
mined a redshift function from the flat rotation curves in
the dark-matter region proposed by Rahaman, et al. The
corresponding shape functions satisfy all the conditions
for a traversable wormhole, as shown in Figs. 1-3 and
Figs. 6-8, respectively. Figs. 5 and 10 show that the null
energy condition is violated for the respective models. So
it seems entirely possible for naturally occurring worm-
holes to exist in both an isothermal galactic halo and in
a void.
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